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Lecture 33 : Green's functions
&

Last tim e...

· solutions to beat equation
-T = 0

T(x
,

0) = f(x)

are given by
T(x ,t) = g(x ,

t)* f(x)

-

%fly
,

As
like a

Gaussion)

-

At time to , g(x ,
o = S

,
so

T(x ,
0) = (Sxf)(x)

= f(x)
.

-
g(y ,
) g(x , 1) g(x ,

z)

· Derivatives and integrals of S :

· giv(x) has property that for a test function f,

jo(x)f(x)dx(f
th

· SSp(x) = Hult) = Ea tih



*vation:Fv operatora
Ay 6I

nunay ↑

(( my)/90
*

different 8
.

One approach is to
formant

find the inverse
matrix At :

y =
A Ay = A b,

How do we compute the inverse ? Well , we can check

what it does on a basis ,
write 6 : (%) = b , () ()+...(

aud call solutions g,...gn
S

,
S

.
6

g :
A S

,, g : A Sy
,

... , gn
= As-

Then

A 6 = A " 16 ,
6

,

+ 6282 +
-. .

+ b.Sn)

= 6
,

A"S
.

+ 62A"Se +
--

+ 6 AS

= 6
, g ,

+ bagat ...big

or in other words ,
the solution to Ay : b is

given by

xgibi with eachgiS
= 66 ( ...)()SGe

66 Agi =Si



Moral : if we have solutions g ; to

Agi= Si,

we can find solution for any Ay
: b

,

since
6
=:S :

· One nice way
to think about this decomposition :

think of b as a function on [12
,
.... n)
& on a ring ,

so

Then n = 0

6 (i) = (5+6)(i)
M ·. 2

*

: [blij(bli
or

,

J

G. livj) : Elise
= bli)S

.

(i)
W

L



But now
,

let's upgrade this
to linear differential

equations :

ay" + by + cy
= f

11

↓y
= f + baday condition

a

o

y.

↑
y

= 5
↑

linear operator functions

y ,
f : Ro C

Now
,

we think off as a forcing function.

We can
breakf into basic pieces by using

integral
version

f(x) = Sxf(x) = %S(f(x)dxo
y(x)

Defi Green's function 1 /

Fix xER .

The Green's function Glax) is the solution to

(* ) Ay(x) = G ,

(x) + bambary conditions



HW : Integral operators Is

(IcHt))(x) = 90 G(x ,

vf(t)dx
--

G is likeon infinite motrix,
&

-
So this is like matrix multiplication
(G((f) = (6f)

nxn
nx ux 1

Gijf= (0f) ;
Payoff : if we know G

, we can solve

since Ay : f

Allsf) = AS 6(x ,
x) f(x) by

NoT + = f* G(x ,
i) f(x)bx

- x

not+ (x) = 90S (x) f(x)d

= f(x)

=> Ij' = A !

In practice ,

Green's functions can be tricky to find.

They depend heavily or both Ad boundary conditions.



Ex: Harmonic
escillator with forcing function f(t)

y" + y
= f

, y (0)
= 0

y(
+b) = 0

Find the Green's function.

definition ,

6) + altt=
Boundar combitions :

G(0 , t') = 8

Gle ,
t) = O

· Let's try to solve this

D : find solutions on either side of Stilt) .

· EfO < t < <1
Glo ,t) = 0

J

Glt) +GHt)0
0 f t

t G 10 ,
t) = 8

=> G (tit) = A (t') sin(t)
G (*(

,
t) = 0

· If O < Est 2/2

↳ott + Gltt in
t G( ,

t) = 8

=> G(t
,
t) =
B(t)cos(t) .

So... what happens at t = t?



p : Continuity of G

Last class ,
we saw how to take Gerivatives of San

S(: )Jt

-
S(t) Helt) rout

· Taking more derivatives of St gives even sharper
discontinuities.

Glt ,

t is smother

· Since equ In
than EGt ,
t

t 61t) + Gtt = Sl
t

↑

& no higher berivatives

S'v(t)
so at worst

, Glt ,
t') has a t

discontinuity in 1st derivative.

=> Glt ,
t) looks like a rump

function,
i

.
e

. G is continuous
tit

So we can equate the solutions for the and est' :

(t)

Alt') sin) +) = Blt(cos(t

we still need a fit more
info to determine G

-



# : The derivative jump and gluing solutions

well ... integrate both sides "
t + E

S G(t ,
t) + G(t

,
t)dt = 9

**
S
,
1t)dt

t = E
t' E

I &
1

-tit+E
8

since G is continue

and9+ 0.

So :

Lot - t:1
like

Stepfunction
--

S

t = t + 3)t t = t : < < t ~z

This measures

which mens
the jump!

- B(t) sin(t + 3) - Alt)cos(t = 2) = 1

Take 30, 0
. Together with (H)

,

we have two equs :

Alt') sin(t) -Blt') cost) = 0

- A(t)cos(t) - B(t)sin(t) = 1

Do some algebra- Alt') = - cost

B(t) = - sint



Finally :

Glt
,
t)= Scoctst

Oka

< Et
</2

Ex: it f(t) = (Sc(t) ,

then sol to gity of is

y(t) = f
*

G(t
,
+) +(t)6t

J

= St-cost sint' stOf sintcost' set st
B

=-cost + sintlogkint) .


